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Most business appraisers will agree that valuation is particularly challenging for startup companies. Startups have a limited operating history and are usually characterized by actual operating losses and negative cash flow in the short-term with the prospect of profitability and positive cash flow in the long-term. Current value must be estimated in spite of the fact that much of the reward lies in the future. What choice of existing models does the appraiser have?

The Gordon growth model is used to value firms whose dividends (net cash flow) are growing at a rate that can be sustained in perpetuity. Startups usually have short-term revenue growth rates that are well above the long-term sustainable growth rate. Even though the revenue growth rate is very high in the short-term net cash flow is often negative due to the level of fixed costs and capital expenditures relative to revenue margin (revenue minus variable costs). Clearly the Gordon growth model alone cannot be used to value a startup. 
Multi-stage dividend discount models are used to value firms whose dividends grow at a rate that changes over time. Whereas these models may be appropriate for modeling startup revenue growth, which declines over time from the short-term rate to the long-term sustainable rate, it is not a good model for valuing startup cash flow which is usually negative in the short-term and whose components (revenue, variable costs, fixed costs and capital expenditures) cannot be modeled via a “one size fits all” growth rate. Another disadvantage to these models is that the equations are not continuous, which is a problem when finding the point of cashflow break-even. Clearly the Multi-stage dividend discount model alone cannot be used to value a startup. 

So where does this leave us? A tractable valuation model will be introduced that (1) models the transition from the short-term revenue growth rate to the long-term sustainable rate in one smooth, continuous equation, (2) explicitly models revenue, fixed costs, variable costs and capital expenditures, (3) calculates a pre-money valuation in one equation and (4) easily calculates the cash flow break-even point. Even though this model is most appropriate for startups that are not currently at cashflow break-even it can be used to value almost any firm that is currently in the growth stage of its life cycle (the current rate of revenue growth is higher than the long-term sustainable rate).
To demonstrate the model we will work through a hypothetical startup valuation where we will use the model to (1) calculate a pre-money valuation and (2) determine the amount of additional capital that the startup must raise in order to survive. 
Table 1 presents the variables that are a function of time and Table 2 presents our startup company’s base case assumptions.
Table 1: Time-Dependent Variables *
	Symbol
	Description 

	t
	Time period number in years

	Rt
	Annualized revenue at time t 

	Rs,t
	Cumulative revenue from time s to time t 

	Ft
	Annualized fixed costs at time t 

	Fs,t
	Cumulative fixed costs from time s to time t 

	Vt
	Annualized variable costs at time t 

	Vs,t
	Cumulative variable costs from time s to time t 

	At
	Total assets at time t

	Ct
	Non-operating cash balance at time t 


Table 2: Base Case Assumptions *
	Symbol
	Value
	Description

	R0
	20,000
	Current annualized revenue

	F0
	16,000
	Current annualized fixed costs

	C0
	3,000
	Current non-operating cash balance (**)

	
	0.60
	Revenue contribution margin

	
	0.04
	Long-term sustainable annual revenue growth rate

	
	0.45
	Ratio of total assets to annualized revenue

	
	0.40
	Annual discount rate

	
	0.03
	Annual inflation rate

	
	0.25
	Income tax rate


* Dollars are in thousands

** Non-operating cash is the excess of the actual cash balance over the amount of cash that is needed as part of working capital. Non-operating cash is used to fund operating losses in the short-term and to pay dividends in the long-term. 

Given our base case assumptions in Table 2 our startup is currently realizing cash flow operating losses (i.e. reveue margin is less than fixed costs plus capital expenditures). Our startup company currently has $3 million in non-operating cash that will be used to fund operating losses and capital expenditures in the short-term. In nearly every startup that fails, the proximate cause is running out of money. The game for startups is to reach cash flow break-even before the cash runs out. Startups that run out of money and are unable to raise additional capital will fail. 

Modeling Revenue
The revenue model incorporates the revenue growth rate realities of startups which are short-term revenue growth rates that are much greater than the economy as a whole and long-term revenue growth rates that are somewhere between the growth rate of the economy and the rate of inflation. As time goes by the revenue growth rate declines from the short-term rate and will eventually reach the long-term rate after which it remains constant.
Annualized revenue can be defined as revenue from the current month multiplied by 12, revenue from the current week multiplied by 52, revenue from the current day multiplied by 365, etc. The equation for annualized revenue in continuous time at any time t is… 
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The revenue model above models annualized revenue as a function of current annualized revenue (R0), the long-term sustainable revenue growth rate (), a revenue multiplier (), and a rate of mean reversion (). Values for the revenue model parameters R0 and  are given in Table 2 above. To obtain values for the revenue model parameters  and  we will calibrate the model via Equations R.02.1 and R.02.2 below.
To calculate the parameters  and  we need a data point for annualized revenue at some future date. For our startup annualized revenue starts at $20 million (R0) and is projected to grow to $100 million (R6) by the end of year six (t = 6). The value of parameter  is…
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Given the value of in the equation above, the value of parameter  is… 
R.02.2: 
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Now that we have values for all revenue model parameters we can calculate annualized revenue at the end of any time t. The graph of annualized revenue at the end of years zero through ten is…

[image: image6.emf]Annualized Revenue at Year End
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The graph of annualized revenue growth rate for years one through ten is…
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Note that the annualized revenue growth is 86.4% in year one and declines to 6.6% by year ten. If this graph were extended into perpetuity the annualized revenue growth rate would decline each year and eventually reach our long-term sustainable growth rate of 4.00% (see Table 2). 

We will define cumulative revenue to be total revenue realized by the startup company over a specified time interval. Cumulative revenue for the time interval [s,t] is the integral of annualized revenue Equation R.1.00 with the lower and upper bounds of integration set to the beginning and end, respectively, of the time interval. The equation for cumulative revenue over the time interval [s,t] is…
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If we add a discounting factor to the integral in the equation above we get the present value of pre-tax cumulative revenue over the time interval [s,t]. If we set the lower bound of integration to zero and the upper bound to infinity then the equation for the discounted value of pre-tax revenue in perpetuity is…
R.04:  
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To calculate capital expenditures and the amount of capital that we need to raise we will need the first and second derivatives of annualized revenue Equation R.01 above. The equation for the first and second derivatives, respectively, of annualized revenue with respect to time is…
R.05.1: 
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R.05.2: 
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Modeling Fixed Costs
We will define fixed costs to be those expenses that do not change in proportion to the level of revenues. In the long-term there are no fixed costs as all costs are variable. Fixed costs for our purposes will be those expenses that are fixed in the short-term. Likely candidates for inclusion in fixed costs are executive compensation, rent on the current facilities, etc. We will model annualized fixed costs at time t to be current annualized fixed costs (F0) growing at the rate of inflation (). The equation for annualized fixed costs in continuous time at any time t is…
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The graph of annualized fixed costs for years zero through ten is…
[image: image13.emf]Annualized Fixed Costs at Year End
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We will define cumulative fixed costs to be the dollar amount of fixed costs paid by the company over a specified time interval. Cumulative fixed costs for the time interval [s,t] is the integral of annualized fixed costs Equation F.01. The equation for cumulative fixed costs over the time interval [s,t] is…
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The equation for the discounted value of fixed costs in perpetuity is…

F.03:  
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To calculate the amount of capital that we need to raise we need the first derivative of annualized fixed cost Equation F.01. The equation for the first derivative of annualized fixed costs with respect to time is…
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Modeling Variable Costs
We will define variable costs to be those expenses that change in proportion to the level of revenue. For our purposes variable costs include depreciation expense on the current level of revenues with the assumption being that this non-cash expense reflects the cash expense of replacing equipment used in revenue generating activities. We will model variable costs as a constant percentage of revenue. Variable costs can be time dependent (i.e. increase or decrease over time) but adding this feature makes the calculus more complex. The equation for revenue contribution margin is…
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We can re-arrange the equation above such that the equation for annualized variable costs at any time t is…

V.01.2:  
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We will define cumulative variable costs to be the dollar amount of variable costs paid by the company over a specified time interval. Cumulative variable costs for the time interval [s,t] is the integral of annualized variable costs Equation V.01.2. The equation for cumulative variable costs over the time interval [s,t] is…
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The equation for the discounted value of pre-tax variable costs in perpetuity is…

V.03:  
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Modeling Capital Expenditures

We will define total assets to be the sum of working capital (current assets minus current liabilities), fixed assets, intangible assets and other long-term assets. Our startup has no debt. We will model total assets at time t to be a constant percentage of annualized revenue at time t. As revenues grow the investment in the assets that supports this volume of revenues also grows. The equation for total assets at time t as a function of annualized revenue at time t is…

X.01.1: 
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We will define capital expenditures for any period to be the net change in assets during that period, which is the first derivative of Equation X.01.1. The equation for annualized capital expenditures at any time t is… 
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The graph of annualized capital expenditures for years zero through ten is…

[image: image23.emf]Annualized Capital Expenditures at Year End
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Note that annualized capital expenditures are $8.2 million at the end of year zero and decreases to $3.8 million by the end of year ten. The decrease in capital expenditures is the result of the dollar decrease in annualized revenue growth over this time period.
We will define cumulative capital expenditures to be the dollar amount of capital expenditures paid by the company over a specified time interval. Cumulative capital expenditures for the time interval [s,t] is the integral of annualized capital expenditures Equation X.01.2 above. The equation for cumulative capital expenditures over the time interval [s,t] is…
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The equation for the discounted value of capital expenditures in perpetuity is…

X.03:  
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Pre-Tax Net Cash Flow
We will define pre-tax net cash flow to be gross revenue minus fixed costs, variable costs and capital expenditures. The graph of pre-tax net cash flow for years one through ten is…
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Using year three as an example, the components of pre-tax net cash flow are…

	Description
	Amount
	Reference

	Revenue
	59,479
	See appendix A3 for the calculation

	Variable costs
	23,791
	See appendix A13 for the calculation

	Fixed costs
	17,247
	See appendix A10 for the calculation

	Capital expenditures
	6,130
	See appendix A15 for the calculation

	Pre-tax net cash flow
	12,310
	


Pre-Money Valuation

We will define pre-money valuation as the current balance of non-operating cash plus the discounted value of future after-tax cash flow in perpetuity. The equation for pre-money valuation is…
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After substituting Equations R.04, V.03, F.03 and X.03 into the equation above the equation for pre-money valuation becomes…
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The pre-money valuation for our startup is…

P.02.2: 
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Additional Capital To Be Raised
The graph of the non-operating cash balance at the end of years zero through three is…
[image: image30.emf]Non-Operating Cash Balance at Year End
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The graph above shows a negative non-operating cash balance at the end of years one and two. A negative cash balance at any point in time means that the startup must raise additional capital. To calculate the amount of capital to be raised we need to determine the point at which the non-operating cash balance is at a minimum. If the minimum cash balance is positive then the startup does not have to raise capital. If the minimum cash balance is negative then the startup must either raise this amount in additional capital or fail.

The non-operating cash balance at any time t is cash at time zero plus cumulative revenue margin (i.e. gross revenue minus variable costs) minus cumulative fixed costs and cumulative capital expenditures. Tax affecting revenues and expenses may not be appropriate in this context. The equation for non-operating cash balance at any time t is…
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  ;   Uses R.03, F.02, V.02 and X.02
As the startup company incurs cash flow losses in the short-term the change in cash is negative. At some time t the change in cash turns positive. We need to find the month when this occurs so as to ascertain the cash balance on that date (i.e. the minimum cash balance). To find the minimum cash balance we need the first derivative of cash Equation C.01 which is…
C.02.1: 
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   ;   Uses R.01, F.01 and R.05.1
We can find the month that the cash balance is at a minimum by setting Equation C.5.10 equal to zero and solving for t. We have a problem in that this equation is non-linear and therefore cannot be solved via standard algebraic techniques. We will utilize the Newton Method (named after Isaac Newton) to solve this non-linear equation. To do this we will need the second derivative of cash Equation C.5.00 which is…
C.02.2: 
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   ;   Uses R.05.1, F.04 and R.05.2
The Newton method for solving non-linear equations requires that we make an initial guess at the value of t. We obtain a revised guess for t by subtracting the ratio of the first derivative of cash and the second derivative of cash both evaluated at our initial guess. If our revised guess is “close enough” then we can stop and use that value of t as the minimum cash balance month otherwise we iterate this operation until we are satisfied with the result. Each time we iterate the revised guess gets better and better. The equation that we will iterate where 
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is the current guess and 
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is the revised guess is…
C.03.1: 
[image: image36.wmf]ú

û

ù

ê

ë

é

¢

¢

¢

-

=

12

/

12

/

12

12

ˆ

m

m

C

C

m

m


We will make our initial guess at the minimum cash balance month to be month 36. Our goal will be to set the variable 
[image: image37.wmf]m

 in Equation C.03.1 above equal to the guess month and iterate that equation until 
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and 
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 are converge. Each time we iterate we replace 
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, which is the old guess, with 
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, which is the new guess. The minimum non-operating cash balance month for the first iteration is…
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Our first iteration tells us that the month where non-operating cash is at a minimum is month 11. If we continue to iterate Equation C.03.1 the minimum cash balance month converges to 13. We now use Equation C.01 to determine the cash balance at this month which is…
	Description
	Amount
	Reference

	Beginning cash balance
	3,000
	Table 1

	Cumulative revenue 
	31,986
	Equation 1.11 x contribution margin

	Cumulative fixed costs
	-17,618
	Equation 2.11

	Cumulative variable costs
	-12,794
	

	Cumulative capital expenditures 
	-8,379
	Equation 4.20

	Ending cash balance
	-3,806
	


The negative cash balance at month 13 is approximately $3.8 million, which is the amount of capital that the startup needs to raise.
Conclusion

Our startup has a pre-money valuation of $17.3 million via Equation P.02.2 and must raise an additional $3.8 million in capital via Equation C.03.2. The startup valuation consisted of the following three steps:
Step 1: Calibrate the revenue model and by calculating the revenue model parameters lambda () and phi () via Equations R.02.1 and R.02.2.

Step 2: Calculate the pre-money valuation via Equation P.02.1.

Step 3: Calculate the minimum cash balance month by iterating Equation C.03.1.

Step 4: Calculate the amount of capital that must be raised by via Equation C.01.

Model Enhancements

This model is not limited to the revenue model described by Equation R.01 where revenue is increasing (the first derivative is positive) but at a decreasing rate (the second derivative is negative). There are two additional revenue models that the appraiser might want to consider…
The S-Curve revenue model is appropriate for modeling revenue in the very early stages of the startup. In this model revenue is increasing at an increasing rate, reaches a point of inflection, and then increases but at a decreasing rate. This revenue model is described by the following equation…
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The advantage to this model is that you have three shaping variables (a, b and c) that gives you a lot of control over the shape of the curve. The disadvantages to this model is that (1) revenue grows to m R0 and then remains constant and (2) the calculus is more difficult.
The revenue model can be described by the following polynomial…


[image: image44.wmf][

]

c

bt

at

R

m

R

t

+

+

=

2

0


The advantages to this model are that (1) the calculus is simple and (2) the model is easy to calibrate to a desired reveune curve via matrix math (a.k.a Linear Algebra). The disadvantage is that revenue grows, reaches a peak and then starts to decline and eventually becomes negative.
Another enhancement to the model is the calculation and use of “the Greeks”, which measure the sensitivity of enterprise value to changes in assumptions. The Greeks would be the first and maybe second deriviatives of the value Equation P.02.1 above with respect to the variable of interest.
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A. Supporting Calculations
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B. Continuous Time Rates

The rates used above are rates that are applicable to continuous time. The following example shows how to convert discrete time rates to continuous time:
Example: The Gordon growth model is used to discount annual cash flows at a discount rate of 40% and a perpetual growth rate of 5% for a denominator value of 35%. In continuous time the discrete time value of 35% becomes ln(1.00 + 0.35) = 0.30 or 30%.
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